Abstract: Global finite-time observers are designed for a class of nonlinear systems that are uniformly observable and possibly non-Lipschitz. The non-Lipschitz conditions under which global finite-time observers exist are in terms of bounds of the varying rational powers of the increments of the non-Lipschitz nonlinearities. These are the same conditions under which semi-global finite-time observers were constructed previously. Different from the semi-global observers, the new observers are designed with two, instead of one, homogeneous terms. The global finite-time convergence of the observer is achieved by combining global asymptotical stability and local finite-time stability.
INTRODUCTION
Nonlinear observers have received a great deal of attraction since the formal introduction of the concept and the Lyapunov based approach of design as proposed in Thau (1973) . In the past decades, a series of nonlinear observer design methods are developed. Among them are three major classes of nonlinear observer design methods by respectively the Lyapunov based approach (Thau (1973) , Raghavan and Hedrick (1994) ), the observer canonical form approach (Krener and Isidori (1983) , Bestle and Zeitz (1983) ) and the high-gain approach (Gauthier et al. (1992) ). More works have been devoted to high-gain observers which have much been associated with the triangular structure systems (Gauthier et al. (1992) , Hammouri et al. (2002) ). The convergence of the observation error is a key issue of concern in the observer design. Recently, finite-time convergent observers of nonlinear systems have become an active subject with the advance in finite-time stability and stabilization (Bhat and Bernstein (2000) , Moulay and Perruquetti (2003) ), where in particular Bhat and Bernstein (2000) presented a necessary and sufficient condition for finite-time stability. Based on finite-time stability, a lot of finite-time observers (Engel and Kreisselmeier (2002) , Menold et al. (2003) , Perruquetti et al. (2008) , Shen and Xia (2008) , Shen and Huang (2009) , Ménard et al. (2010) ) are proposed. In particular, Perruquetti et al. (2008) introduced a finitetime observer relying on the homogeneity properties of nonlinear systems (Bhat and Bernstein (2005) ); Shen and Xia (2008) , Shen and Huang (2009) (2010) made considerable progress in finite-time high-gain observer design. These later three papers are particularly relevant to the work of this paper. Shen and Xia (2008) proposed a semi-global finite-time observer for single output nonlinear systems that are uniformly observable and globally Lipschitz. Then for the same class of nonlinear systems, Shen and Huang (2009) and Ménard et al. (2010) proposed designs of global finite-time observers by an update gain law and a dedicated high gain, respectively. However, in all these nonlinear observer designs, a key assumption is that the nonlinearities admit Lipschitz conditions. Earlier, Praly (2003) made attempt to relax this assumption by proposing a globally asymptotically stable observer for systems with output dependent incremental rate. Andrieu et al. (2009) made a further extension to a broader class of systems in which the non-Lipschitz nonlinearities have bounded rational powers of the increments. By exploiting homogeneity in the bi-limit (Andrieu et al. (2008) ), a class of global asymptotic high gain observers with a gain update law have been designed (Andrieu et al. (2009) ). Motivated by Andrieu et al. (2009) and Andrieu et al. (2008) , Shen and Xia (2010a) , Shen and Xia (2010b) studied semi-global finite-time observers for the following non-Lipschitz systems:
. .
where x ∈ R n , u ∈ R m , y ∈ R, f i (·) (i = 2, . . . , n) satisfies the following conditions:
where Γ(·) is a continuous function, l > 0, υ j ∈ [0, 1 j−1 ) (j = 2, . . . , n). There exist semi-global finitetime observers for nonlinear systems (1) when
where q > n is a positive number) (Shen and Xia (2010a) ). This result was improved in Shen and Xia (2010b) with better bounds n−i n−j+1 < β ij < i j−1 (2 ≤ j ≤ i ≤ n) . Moreover, in both Shen and Xia (2010a) and Shen and Xia (2010b) , semi-global finite-time observers were also designed for systems (1) where the non-Lipschitz terms have mixed and varying incremental rational powers as shown in the following:
where (Shen and Xia (2010b) ) compared with (Shen and Xia (2010a) ).
The purpose of this paper is to design global finite-time observers for nonlinear systems (1) with the condition (2) and (3), respectively. Under exactly the same sets of conditions in Shen and Xia (2010b) , we will construct explicitly the global finite-time converging observers. The common feature compared with the semi-global finite-time observers presented in Shen and Xia (2010a) and Shen and Xia (2010b) is that the observers presented here are with the same gain update law. There are two new features however: one is that the observers we present have two homogeneous terms of degrees α − 1 and β − 1 with the weights {α i } 0≤i≤n−1 (α i < 1) and {β i } 0≤i≤n−1 (β i > 1); the other is that in the proof we use two different Lyapunov functions and we calculate the derivative of the Lyapunov functions along the observer error systems from three different sets, while Shen and Xia (2010b) also used these techniques in the design of globally asymptotically stable observers. Compared with the results in Andrieu et al. (2009) , the lower bounds of the rational powers n−i n−j+1 (2 ≤ j ≤ i ≤ n) are smaller than 1. Also note that the observers in Andrieu et al. (2009) are constructed recursively while our observers take explicit and simpler forms. Moreover, we strengthened the results to global finite-time convergence. Motivated by the proof in Ménard et al. (2010) , we will present global finite-time high gain observers with a two steps approach: global asymptotical stability and local finite-time stability.
In this paper, we restrict our attention to estimating the states only of those solutions which globally exist in positive time. This paper is organized as follows. The definition of finite-time stability and its criteria are reviewed in Section 2. In Section 3, we present the main result: the global finite-time observers for a class of non-Lipschitz systems. In Section 4, an example is used to illustrate the validity of the proposed design method. Finally, the paper is concluded in Section 5.
PRELIMINARIES
Consider the following systeṁ
where f : D → R n is continuous on an open neighborhood D of the origin x = 0. Definition 1. (Bhat and Bernstein (2000) ). The zero solution of (4) is said to be finite-time convergent if there is an open neighborhood U ⊂ D of the origin and a function T : U \ {0} → (0, ∞), called the settling-time function, such that ∀x 0 ∈ U, the solution ψ(t, x 0 ) of system (4) 
and lim t→T (x0) ψ(t, x 0 ) = 0. If the zero solution of (4) is finite-time convergent, the set of point x 0 such that ψ(t, x 0 ) → 0 is called the domain of attraction of the solution. The zero solution of (4) is said to be a finitetime stable equilibrium if it is Lyapunov stable and finitetime convergent. Moreover, the zero solution is said to be a globally finite-time stable equilibrium if it is a finite-time stable equilibrium with U = D = R n .
The following lemma gives a sufficient condition for finitetime stability. Lemma 1. (Bhat and Bernstein (2000) ). Suppose there exists a positive definite continuous function V : D −→ R and open neighborhood V ⊂ D of the origin, such thaṫ
, where c > 0 is a real number,α ∈ (0, 1). Then, the origin is a finite-time stable equilibrium of system (4). If in addition D = R n , V is proper and˙ V takes negative value on R n \ {0}, then the origin is a globally finite-time stable equilibrium of system (4).
The following Lemma 2 summarizes some preliminary results that we obtained in Shen and Xia (2010b) and Shen and Xia (2011) . Lemma 2. Consider the following system
where
are the coefficients of Hurwitz polynomial s n + a 1 s n−1 + . . . + a n−1 s + a n .
(6) For system (5), a Lyapunov function
where ε = (ε 1 , ε 2 , . . . , ε n ) T , can be constructed by suitably
(i) The system (5) is globally asymptotically stable for λ ≥ 1 and finite-time stable for λ ∈ (1 − 1 n , 1). Furthermore, construct the following function
whereV (ε), P, D 1 are given in (7) and (8)
is a positive definite function homogeneous of degree q with respect to the weights
(iv) If q > max{λ i } 0≤i≤n−1 , a n P 1n > 0 (where P 1n is the element of P at the first row and the nth column), then there exists a w 3 > 0 such that
The proof of (i) is given in Shen and Xia (2011) , and (ii)-(iv) are proved in Shen and Xia (2010b) . The proofs of (ii) and (iii) are quite easy. The main idea of the proofs of (i) and (iv) is to construct a compact set containing the origin on which the constructed (homogeneous) Lyapunov function satisfies some key inequalities.
The construction of the homogeneous Lyapunov function V (ε) fromV (ε) in such a manner was originated from Rosier (1992) .
GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEMS
In this section, we will design global finite-time converging observers for the system (1) with the condition (2) and (3), respectively.
Shen and Xia (2010b) presented a semi-global finite-time observer for system (1) with the conditions (2) and (3) of the following form:
with the observer gain L being dynamically updated byL
where ϕ 1 , ϕ 2 > 1, ϕ 3 are three positive real numbers, 0 < σ < 1 is chosen such that
holds, β ij , v j are given by (2), Ψ(u, y,x) = Γ(u, y)(1 + n j=2 |x j | vj ), and a i > 0 (i = 1, . . . , n) are given by (6),
n , 1). And the rational power β ij satisfies
What we are interested in is to design a global finitetime observer of the following form with the observer gain (9) for the system (1) with the same rational powers of the non-Lipschitz nonlinearities as that in Shen and Xia (2010b) :
Denote the solution of (1), (10) with respect to the corresponding input functions and passing through x 0 andx 0 as x(t) andx(t), respectively. If there exists an open neighborhood U ⊂ R n of the origin such that e 0 = x 0 −x 0 ∈ U implies x(t) −x(t) ∈ U and a function T : U \ {0} → (0, ∞), such that
then, the system (10) with (9) is called a finite-time observer of the system (1). In this case, all points e 0 = x 0 − x 0 such that (11) holds constitute a domain of observer attraction. If the open set U can be chosen as the whole space R n , then (10) with (9) is called a global finite-time observer.
For the observer gain L(t), α i (1 ≤ i ≤ n) and β ij (2 ≤ j ≤ i ≤ n) given by (2), we introduce the following two lemmas. Lemma 3. (Shen and Xia (2010a) ). For the observer gain L(t) in (9), there exists M > 0 such that L(t) < M, t ∈ [0, T ], ∀T ∈ (0, ∞). Lemma 4. (Shen and Xia (2010b) 
The dynamics of the observation error e = x −x is given by
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Consider the change of coordinates
Now, we are ready to state our main results of global finitetime observers. Theorem 1. If
σ and 0 < η < 1 − α such that the system (10) with the observer gain (9) is a global finite-time observer for the nonlinear system (1) under the condition (2).
Proof. Similar to the proof in Ménard et al. (2010) , we will divide the proof of the global finite-time convergence of the observer into global asymptotical stability and local finite-time stability.
First of all, choose a i (1 ≤ i ≤ n) to satisfy condition (8) and such that a n P 1n > 0, which is always possible. For
T P ε, r 1 , r 2 > 0 are two positive numbers, P satisfies condition (8). As shown in the following figure, we have B V β ,δ3 ⊂ B V β ,δ1 ⊂ B V β ,1 by choosing 1 > δ 1 > δ 3 > 0 (where δ 1 , δ 3 will be given in the proof). Similar to the method of proving globally asymptotically stable observers in Shen and Xia (2010b) , we also divided the proof into three parts. First, we use V β (ε) to derive
, respectively. When ε ∈ B V β ,δ3 , V α (ε) is used to prove the system (13) is finite-time stable. Finally, when ε ∈ B V β ,δ1 \ B V β ,δ3 , for ∀ǫ > 0, there exist ϕ i > 0 (i = 1, 2, 3) such that |δ 1 − δ 3 | < ǫ, then by continuity of
Part I: When ε ∈ P = R n \ B V β ,1 , let us consider the r 1 h-Lyapunov function V β (ε). Calculating the derivative of V β (ε) along the solution of the system (13), by Lemma 2, there exist c 1 ,c 1 , c 1 > 0 such that we have
, by Lemma 4.2 (Bhat and Bernstein (2005)), we have
, we have
Note that under the condition β ij < i j−1 , there exists a
Then, similarly by Lemma 4.2 (Bhat and Bernstein (2005)), we have
Then, from (14), (15) and (16), we have
From Lemma 4, we know that γ 1 > r1+β r1 . Then, for all ε ∈ P, there exist
When ε ∈ B V β ,1 , we again use the r 1 h-Lyapunov function V β (ε). By the same method, we have
r 1 +β r 1 . where β = min 2≤j≤i≤n {β ij β j−1 − β i−1 }. There exists a d 22 > 1 such that 0 < g 11 < g 13 < 1, 0 < g 12 , g 14 < 1 when 0
Thus, from (18) and (19), we can derive
Part II: In this part, we will consider ε ∈ B V β ,δ1 . Here, we use the r 2 h-Lyapunov function V α (ε).
Because V β (ε), V α (ε) are homogeneous of degrees r 1 and r 2 , respectively, we have
Under this condition, calculating the derivative of V α (ε) along the solution of system (13), using the same method as that in the first part, by Lemma 2, there exist c 2 ,c 2 , c 2 > 0 such that we have
where γ 2 = r2+α−1 r2
From Lemma 3 and Lemma 4, we know γ 2 < r2+α r2 , ϕ 2 < L(t) < M . And because 0 < ϕ 1 < d 11 , there exists a d 24 > 0 such that g 22 < g 21 , g 22 < g 23 when M > L(t) > ϕ 2 > d 24 . Moreover, there exists a
Then, by Lemma 1, the system (13) is locally finite-time stable on B Vα,δ2 .
r 2 r 1 , we can obtain B V β ,δ3 ⊂ B Vα,δ2 , where δ 3 = ( g22 k * ) r 1 r 2 . Then, B V β ,δ3 is a domain of observer attraction, i.e.,
Part III: Because ϕ 2 < L(t) < M , for any ǫ > 0, there exist sufficiently large ϕ 2 , ϕ 3 and 0 < ϕ
is continuous on R n , we have
Thus, from (20), (21) and (22), by combining global asymptotical stability and local finite-time stability, we get that the system (13) is globally finite-time stable.
From Lemma 3, there exists an
L i−1+σ = ε i (t) = 0 (t > T 1 ), i.e., e i (t) = 0 (t > T 1 ) (i = 1, . . . , n), which means system (10) is a global finite-time observer for system (1) under the condition (2).
This completes the proof. Similar to that in Shen and Xia (2010a) and Shen and Xia (2010b) , we can extend the results to the system (1) with condition (3) which is with mixed rational powers. The proof is also similar to that of Theorem 1, which is omitted due to page limitation. Theorem 2. If n−i n−j+1 < β 1,ij < 1, 1 < β 2,ij < i j−1 (2 ≤ j ≤ i ≤ n), then there exist 1 − 1 n < α < 1, 0 < σ < 1, β > 1+σ σ and 0 < η < 1 − α such that global finitetime observers in the form (10) with the observer gain (9) can be designed for the nonlinear systems (1) with the condition (3).
EXAMPLE
Consider the system ẋ 1 = x 2 , x 2 = −1.5x 2 + x 1.5 2 .
It can be verified that the following type of non-Lipschitz condition holds: |(−1.5x 2 + x 1.5 2 ) − (−1.5x 2 +x 1.5 2 )| ≤ 1.5(1 + |x 2 | 0.5 )|x 2 −x 2 | + |x 2 −x 2 | 1.5 . Following the result in this paper, an observer can be designed as follows: Figure 1 gives the dynamics of the observation error, which illustrates the effectiveness of the proposed observer.
CONCLUSION
There are semi-global finite-time observers for a class of uniformly observable and non-Lipschitz systems with the rational powers β ij of the increments in the nonlinearities satisfying n−i n−j+1 < β ij < i j−1 (2 ≤ j ≤ i ≤ n) and the mixed rational powers satisfying n−i n−j+1 < β 1,ij < 1, 1 < β 2,ij < i j−1 (2 ≤ j ≤ i ≤ n), respectively. In this paper, we have shown that, for the same class of nonlinear systems with the same rational and mixed rational powers of the non-Lipschitz nonlinearities, under the same gain update law, we can design global finite-time observers by combining global asymptotical stability and local finitetime stability.
